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Abstract: We show that, in the open Hubbard model with integrable boundary
conditions, the bulk Yangian symmetry is broken to a twisted Yangian. We prove
that the associated charges commute with the Hamiltonian and the reflection matrix,
and that they form a coideal subalgebra.
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1. Introduction
One of the classic models of condensed matter physics, the Hubbard model [1] is
especially intriguing for the subtlety of the algebraic structures underpinning its
integrability. A Yangian symmetry has long been known [2], but this is insufficient
to fix its R-matrix [3], which does not have the typical structure associated with
Yangians and quantized affine algebras.
Significant advances in understanding have come recently from the integrability
of the worldsheet scattering picture of the AdS/CFT correspondence. Remarkable
results [4, 5] include the identification of the Hubbard model R-matrix with the cen-
trally extended su(2|2) (or ‘AdS/CFT’) S-matrix [6, 7], and the connection between
the quantum deformed Hubbard chain and the Uq(su(2|2)) spin chain.
However, it seems that the boundary symmetry of the Hubbard model does not
appear as any simple specialization of that of such models—for example, it is not
simply the rational limit of a coideal subalgebra [8] of the q-deformed Hubbard model
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of [4].1 Further, the twisted Yangian Y (su(2), u(1)), a modified version of which
will be constructed in this paper, does not embed naturally in the twisted Yangian
Y (su(2|2), su(1|2)) [9, 10] of the AdS/CFT string worldsheet boundary scattering.
The full relationship between the boundary Hubbard model and the models and
algebras which have emerged from the AdS/CFT picture thus remain somewhat
mysterious.
In this article we set aside such top-down, purely algebraic considerations and
take, instead, a bottom-up approach, beginning with the physical nature of the
boundary: we consider the known integrable boundary conditions of the standard,
non-supersymmetric Hubbard model and attempt to discover the hidden boundary
symmetry by building the generators ab initio in the spin-chain, ‘electronic’ repre-
sentation. When a Yangian Y (g)-symmetric 1+1D model has an open boundary
whose conditions preserve integrability, any remnant h of the Lie symmetry typically
extends to a twisted Yangian Y (g, h) [11]. Such conditions for the Hubbard model
appear in the form of a boundary magnetic field or chemical potential, for which the
reflection (or ‘K-’)matrices have been computed [12]. These conditions break to u(1)
one component of the su(2) × su(2) Lie symmetry of the bulk model. As we shall
see, this extends to a twisted Yangian, modified by a boundary term which is special
to the Hubbard model.
The paper is organized as follows. First, we briefly review Yangians and the
conditions for boundary symmetry-breaking to preserve a twisted Yangian, follow-
ing [11]. Secondly, we review the Hubbard model Yangian and its integrable open
boundary conditions. Finally, we derive the twisted Yangian algebra of the half-
infinite open Hubbard chain which is preserved under these boundary conditions,
proving three crucial properties: that it commutes with the Hamiltonian, that it
forms a coideal subalgebra, and that it commutes with the known K-matrix. The
details of these calculations are presented in an appendix.
1We should like to thank Vidas Regelskis for clarification of this point.
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2. Twisted Yangian symmetry
Let g be a compact semisimple Lie algebra generated by {Qa0}, a = 1, . . . , dim(g)
with structure constants fabc and coproduct
∆ : Ug → Ug⊗ Ug
Qa0 7→ Q
a
0 ⊗ 1 + 1⊗Q
a
0 (2.1)
where Ug is the universal enveloping algebra.
Suppose that g is a symmetry of a physical theory. In a quantum integrable
1+1D model, g typically extends to a hidden Yangian Y (g) symmetry. Y (g) is
the enveloping algebra generated by {Qa0, Q
a
1}, where the Q
a
1 form a second set of
generators of g in the adjoint representation, so that
[Qa0, Q
b
1] = f
ab
cQ
c
1 (2.2)
with coproduct ∆Qa1 = Q
a
1 ⊗ 1 + 1 ⊗ Q
a
1 +
1
2
fabcQ
c
0 ⊗ Q
b
0 and obeying additional
so-called Drinfel’d terrific relations [13]. Finite dimensional representations of Y (g)
are realized in one-parameter families via the automorphism
ψµ : Y (g) → Y (g)
Qa0 7→ Q
a
0
Qa1 7→ Q
a
1 + µQ
a
0 . (2.3)
If the model is on the half-line, the boundary will typically break g to a subalgebra
h, say. But if the boundary condition preserves integrability—typically observed
through the existence of local conserved charges or of a boundary reflection ‘K-
’matrix—then one expects a further remnant of the original Yangian symmetry. In
such cases h is invariant under a graded involution i [14]. One can split g = h ⊕ m
under i such that i(h) = +1 and i(m) = −1. Then
[h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h , (2.4)
and (g, h) are said to form a symmetric pair. This property, together with orthogo-
nality with respect to the Killing form, κ(h,m) = 0, guarantees the coideal property :
that the coproduct of any Yangian charge Q˜ preserved at the boundary must be in
the tensor product of the bulk and boundary Yangian,
∆Q˜ ∈ Y (g)⊗ Y (g, h) (2.5)
– 3 –
where Y (g, h) is generated by h and a deformation of the grade-1 m generators
(indexed here by p) [15, 16], given by
Q˜p1 = Q
p
1 +
1
4
[Ch, Q
p
0] (2.6)
where Ch is the Casimir operator of g restricted to h. These deformed generators
obey commutation relations analogous to (2.2) and additional so-called Drinfel’d
‘horrific’ relations [17, 18].
3. The Hubbard model
The Hubbard model (the definitive work is [1]) is an approximate theory used in
solid state physics to describe how interactions between electrons in lattices can give
rise to conducting and insulating systems. The one-dimensional model is a chain
with N sites, in which a kinetic ‘hopping’ term interacts with an on-site repulsive
interaction through the Hamiltonian
H = −
N∑
i=1
∑
σ=↑,↓
c†iσci+1σ + c
†
i+1σciσ + U
N∑
i=1
(ni↑ −
1
2
)(ni↓ −
1
2
) (3.1)
where U is a coupling-constant and c†iσ, ciσ are the usual fermionic creation and
annihilation operators acting on site i and satisfying the only nonvanishing anticom-
mutation relation
{c†iσcjτ} = δστδij , (3.2)
so that niσ = c
†
iσciσ is the number density operator. The model is usually taken with
periodic boundary conditions, where it may be solved using the Bethe ansatz.
Our principal interest is in the [su(2)×su(2)′]/ Z2 symmetry of the model (which,
via its inclusion in the su(2|2)⋉R2 symmetry of worldsheet scattering in AdS/CFT
[6], is the source of the renewed recent interest from the string theory community
[19, 20] and thereby in new generalizations such as [4, 21, 22]). If one defines
Eni = c
†
i↑ci+n↓ F
n
i = c
†
i↓ci+n↑ H
n
i = c
†
i↑ci+n↑ − c
†
i↓ci+n↓ (3.3)
where i is the spin site and n ∈ Z, then one of the su(2) copies is generated by
{E0, F0, H0}
E0 =
∑
i
E0i F0 =
∑
i
F0i H0 =
∑
i
H0i (3.4)
– 4 –
satisfying [H0, E0] = 2E0, [H0, F0] = −2F0 and [E0, F0] = H0. The summation runs
over all spin sites of the chain. The other su(2)′, generated by {E ′0, F
′
0, H
′
0}, can be
obtained through the particle-hole transformation (PHT)
U 7→ −U, ci↑ 7→ (−1)
ic†i↑ , (3.5)
hence the factor of Z2. From now on, to avoid repetition, we shall not include this
factor when the symmetry of the model is mentioned.
The R-matrix of the Hubbard model is written as a tensor product of two free
fermion model R-matrices, one for each spin layer [23]. It satisfies the Yang-Baxter
equation, and (partly) underlying it is a Yangian symmetry. This Yangian was
constructed [2] for N → ∞ and, as expected, is composed of two copies of Y (su2)
related by the PHT. One of the copies is generated by {Ek, Fk, Hk}k=0,1, where the
grade-1 generators are given by
E1 =
∑
i
(E1i − E
−1
i )−
U
2
∑
i<j
(E0iH
0
j − E
0
jH
0
i ) (3.6)
F1 =
∑
i
(F1i − F
−1
i ) +
U
2
∑
i<j
(F0iH
0
j −F
0
jH
0
i ) (3.7)
H1 =
∑
i
(H1i −H
−1
i ) +
U
2
∑
i<j
(E0i F
0
j − E
0
jF
0
i ) (3.8)
4. Twisted Yangian symmetry of the open Hubbard chain
If we set up the Hubbard model on a half-infinite open chain, with a single boundary,
then the integrable boundary conditions consist of the presence of either a boundary
magnetic field or a boundary chemical potential [12]. These can be inserted in the
hamiltonian as
Hopen = −
N−1∑
i=−∞
∑
σ=↑,↓
c†iσci+1σ + c
†
i+1σciσ + U
N∑
i=−∞
(ni↑ −
1
2
)(ni↓ −
1
2
)− pφN (4.1)
where p is the boundary field and φN is H0N in the case of a boundary magnetic field
and (H0N)
′ in the case of a boundary chemical potential. Clearly, the symmetry of the
model has now been broken to either u(1)×su(2)′ or su(2)×u(1)′, but integrability is
unaffected [24]. This and the fact that (su(2), u(1)) form a symmetric pair hint at the
existence of a boundary twisted Yangian symmetry, which we shall construct shortly.
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We will focus on the case of a boundary magnetic field; the chemical-potential case
can be obtained via PHT. Specifically, the symmetry breaking is
su(2)× su(2)′ → u(1)× su(2)′
{E0, F0, H0, E
′
0, F
′
0, H
′
0} → {H0, E
′
0, F
′
0, H
′
0} (4.2)
so we expect Y (su(2))× Y (su(2)′) to break to Y (su(2), u(1))× Y (su(2)′), where the
boundary symmetry is the twisted Yangian Y (su(2), u(1)), generated by H0 and two
other operators
E˜ = E1 −
U
2
E0H0 , F˜ = F1 +
U
2
F0H0 (4.3)
constructed using 2.6. These agree with the twisted Yangian found in [17], and hence
satisfy the horrific relations (eqn (4.84) of [17]).
However, there exists a subtlety in the symmetry generators which cannot be
derived by studying twisted Yangians of su(2|2). For commutation with the hamilto-
nian, one has to make use both of the evaluation automorphism and of the freedom
to make it site-dependent, by adding a boundary term. Doing so, we find (details in
Appendix A.1) that
Ê = E˜ + µE0 − pE
0
N , (4.4)
F̂ = F˜ + νF0 + pF
0
N , (4.5)
where
µ = −p−
U
2
−
1
p
, ν = p−
U
2
+
1
p
, (4.6)
together with H0, are the charges which commute with the open Hubbard hamilto-
nian and are thus conserved, so that the symmetry of the open model is not quite the
expected twisted Yangian subalgebra of Y (g). Although these modifications leave
(2.2) invariant, the addition of the p-dependent term nontrivially deforms the horrific
relations for Y (su(2), u(1)) [17] by a polynomial in p. This is due to the Y (su(2))
[2] terrific relations’ not being invariant under Qa1 7→ Q
a
1 + λQ
a
0i, where i denotes the
site in the electronic representation.
Nevertheless, these charges satisfy the coideal property,
∆H0 = H0 ⊗ 1 + 1⊗H0
∆Ê = (E˜ + µE0)⊗ 1 + 1⊗ (E˜ + µE0 − pE
0
N)− UE0 ⊗H0
∆F̂ = (F˜ + νF0)⊗ 1 + 1⊗ (F˜ + νF0 + pF
0
N) + UF0 ⊗H0 , (4.7)
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because the left factors do not include the E0N ,F
0
N terms and so are all in Y (g) (details
in Appendix A.2). In addition, as required for Y (su(2), u(1)), these twisted level-1
generators satisfy the following commutation relations with H0:
[H0, Ê] = [H0, E1]−
U
2
[H0, E0H0]− p[H0, E
0
N ] = 2E1 − UE0H0 − 2pE
0
N = 2Ê
[H0, F̂ ] = [H0, F1] +
U
2
[H0, F0H0] + p[H0,F
0
N ] = −2F1 − UF0H0 − 2pF
0
N = −2F̂ (4.8)
and these relations are preserved by ∆ (Appendix A.3). Thus the modified Y (su(2), u(1))
generated by {H0, Ê, F̂} is the boundary twisted Yangian of the half-infinite Hubbard
chain in the presence of a magnetic field. Further, taking the 4× 4 su(2) triple given
in [12], the reflection matrix for a boundary magnetic field at site i = N commutes
with the above generators (Appendix A.4).
5. Concluding Remarks
As stressed in [1] (p284), the boundary Hubbard model continues to require a deeper
understanding of its algebraic structure. In principle, this should be deducible from
the supersymmetric structures of AdS/CFT string worldsheet scattering, but in the
absence of this we hope to have provided in this paper a useful step by constructing
explicitly the twisted Yangian symmetry for the basic open Hubbard model with one
integrable boundary condition in the form of a magnetic field. We found that the
twisted grade-1 generators include a boundary field term not observed in construc-
tions for other models.
From the point of view of the intrinsic study of the Hubbard model, the con-
struction of this modified twisted Yangian lays the foundation for extended study of
the boundary scattering and associated bound states. The latter have been analyzed
using the Bethe ansatz (see [1], Sect. 8.3, and [24, 25, 26]), but the boundary S-
matrix has hitherto been computable only via the boundary Yang-Baxter equation
[12], and any boundary bound state scattering would have to be computed by fusion.
With the boundary’s hidden charges now known, the linear conservation equations
may be used instead. It would also be interesting to understand fully the role of the
boundary field strength and the extent of the weak↔strong duality seen in Appendix
A.4.
In the context of the richness of the Hubbard model’s connections with other
topics in theoretical physics, and especially in AdS/CFT, our construction provides
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a spur to further work in various directions. First, the connections with the twisted
Yangian of the Y = 0 maximal giant graviton [10] and with the deformed Hubbard
model [4, 8] should be understood. Secondly, the mathematics of the connection
with the boundary analogue of the tetrahedron equation should be established [27].
Thirdly, it would be interesting to search for similar constructions in related models
[21, 22, 28]. Finally, although the boundary conditions of [12] remain the only ones
known, it would be interesting to explore whether boundary conditions of ‘achiral’
type [29], breaking the two su(2) copies into a single diagonal su(2), might be possible,
or (if not) why they are ruled out.
A. Appendix
A.1 Obtaining µ and ν
Let Ê = E1+µE0+
α
2
E0H0− p E0N . We will obtain the value of µ and α for which Ê
commutes with the Hamiltonian Hopen ≡ −K +UV − pH
0
N . (We already know that
α = −U , since it is the constant which determines the strength of the interaction,
but we will see it arise naturally from this computation). We divide the computation
of the full commutator into smaller components:
[−K + UV,E1] = −2E
0
N
[−K,−pE0N ] = p(E
1
N−1 − E
−1
N )
[−K,µE0 +
α
2
E0H0] = 0
[UV, µE0 +
α
2
E0H0 − pE
0
N ] = 0
[−pH0N , E1] = −p((E
1
N−1 − E
−1
N ) + U(E
0
N + E
0
NH0))
[−pH0N , µE0 +
α
2
E0H0 − pE
0
N ] = −2p((p+ µ)E
0
N +
α
2
E0NH0)
Hence, for [Hopen, Ê] = 0,
α = −U, µ = −p−
U
2
−
1
p
, (A.1)
so that Ê = E1 + µE0 − pE0N −
U
2
E0H0 is a conserved charge. Similarly, for F̂ =
F1 + νF0 −
α
2
F0H0 + pF
0
N to commute with Hopen, we require the same value of α,
and ν = p− U
2
+ 1
p
.
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A.2 Computation of coproducts
Rewrite E1 as
E1 =
∑
i
(E1i − E
−1
i )−
U
2
∑
i,j
AijE
0
iH
0
j (A.2)
where Aij = 0 if i = j, +1 if i < j and −1 if j < i. The coproduct of the first sum
is trivial but that of the second is not. However, we can use a standard trick and,
for any x ∈ Z + 1
2
, split such a sum into left (i < x and j < x) and right (i > x
and j > x) factors, interpreting these as left and right factors of the coproduct
accordingly. The boundary terms E0N and F
0
N therefore appear in the right factor
only. For the quadratic term,
∑
i,j
AijE
0
iH
0
j = (
∑
ı<x
j<x
+
∑
i>x
j>x
)AijE
0
iH
0
j +
∑
i<x
j>x
E0iH
0
j −
∑
i>x
j<x
E0iH
0
j (A.3)
Hence
∆(
∑
i,j
AijE
0
iH
0
j ) =
∑
i,j
AijE
0
iH
0
j ⊗ 1 + 1⊗
∑
i,j
AijE
0
iH
0
j
+ E0 ⊗H0 −H0 ⊗ E0 (A.4)
and finally,
∆E˜ = ∆E1 −
U
2
∆E0∆H0
= E1 ⊗ 1 + 1⊗E1 −
U
2
(E0 ⊗H0 −H0 ⊗ E0)
−
U
2
(E0H0 ⊗ 1 + 1⊗ E0H0 + E0 ⊗H0 +H0 ⊗ E0)
= E˜ ⊗ 1 + 1⊗ E˜ − UE0 ⊗H0 . (A.5)
Note that for ∆Ê one must add µE0 to the trivial part of the coproduct and the
boundary term as specified earlier. We obtain ∆F˜ similarly, by replacing (E,−p,−U)
with (F, p, U).
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A.3 ∆ is a homomorphism of Y (su(2), u(1))
We will check that [∆H0,∆Ê] = 2∆Ê using 4.8:
[∆H0,∆Ê] = [H0 ⊗ 1 + 1⊗H0, (E˜ + µE0)⊗ 1 + 1⊗ (E˜ + µE0 − pE
0
N)− UE0 ⊗H0]
= ([H0, Ê] + µ[H0, E0])⊗ 1 + 1⊗ ([H0, Ê] + µ[H0, E0]− p[H0, E ])
− U [H0, E0]⊗H0
= 2((E˜ + µE0)⊗ 1 + 1⊗ (E˜ + µE0 − pE
0
N))− 2E0 ⊗H0
= 2∆Ê
A.4 Y (su(2), u(1)) as a symmetry of the K-matrix
The K-matrix K
(b)
N (θ, p) obtained in [12] for a boundary magnetic field at site i = N
takes the diagonal form 

x1(θ) 0 0 0
0 x2(θ) 0 0
0 0 x3(θ) 0
0 0 0 x4(θ)

 (A.6)
where
x1(θ) = x4(θ) = (p+ e
2h tan θ)(p− e2h tan θ) (A.7)
x2(θ) = (p+ e
2h tan θ)(p+ e−2h tan θ) (A.8)
x3(θ) = (p− e
2h tan θ)(p− e−2h tan θ) (A.9)
and h(θ) is defined via sinh 2h = U
4
sin 2θ. If one takes the 4 × 4 representation of
H0 given in [12], then the evaluation representation ρ of the su(2) triple becomes
ρ(H0) = h⊗ 1− 1⊗ h (A.10)
ρ(E0) = e⊗ 1 + 1⊗ f (A.11)
ρ(F0) = f ⊗ 1 + 1⊗ e (A.12)
where {e, f, h} is the standard 2× 2 su(2) triple. Set ρ(E1) = U(1 − e
4h)ρ(E0), and
note that this is invariant under θ 7→ pi
2
− θ and is independent of the boundary field
p. Now define
ρθ(Ê) = ρ(E1)−
U
2
ρ(E0)ρ(H0) + µρ(E0) +
p
sin2 θ
ρ(E0) . (A.13)
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This satisfies the grade-1 generator commutation relations, and with ρ(E0N) = −(sin
2 θ)−1ρ(E0)
yields a 4× 4 representation of Ê of (4.4). (One obtains the corresponding represen-
tation of F̂ similarly.) This is a symmetry of the K-matrix,
K
(b)
N (θ, p)ρθ(Ê) = ρ−θ(Ê)K
(b)
N (θ, p) . (A.14)
It is worth noting that µ plays no role in this, since K is su(2)-invariant and auto-
matically commutes with ρ(E0).
To interpret the θ = 0 pole of the p-dependent term, consider our original reason
for adding E0N to the twisted Yangian generator: that the quadratic deformation
alone cannot not fix the commutativity of E1 with the open Hubbard Hamiltonian,
[Hopen, E1 −
U
2
E0H0] = p[E1, Hopen] 6= 0 . (A.15)
But by adding −pE0N to the generator one obtains
[Hopen, Ê] = p[E1, Hopen] + [
∑
σ=↑,↓
c†N−1σcNσ + c
†
NσcN−1σ, pE
0
N ] = 0 . (A.16)
Thus the existence of the conserved twisted Yangian generator is due to the interplay
of its p-dependent term with the hopping term in the Hamiltonian acting on the site
i = N and its neighbor i = N−1. This hopping action corresponds to the annihilation
of a particle at one site and its re-creation at a neighboring site, interpreted as motion
of the particle. If such a particle has rapidity θ = 0 at i = N then it is static at the
boundary, and the hopping term acting on site N must vanish. The twisted Yangian
symmetry then disappears, and ρ0(Ê) degenerates to ρ(E0).
To conclude, note that if the boundary is at site i = 1, with K-matrices given
in [12], one can obtain the evaluation representation of the symmetry generators for
these by making use of the relation
pK1(p, θ) =
1
p
KN (
1
p
,−θ) . (A.17)
This corresponds to a weak↔strong exchange p↔ 1
p
and a reversal of the direction
of the rapidity. Hence, if J(p, θ) is a symmetry of KN , then J(
1
p
,−θ) is a symmetry
of K1.
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